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Random dynamic response and thermal buckling of a shape memory alloy hybrid composite plate subjected to

combined thermal and randomacoustic loads are investigated. Anonlinearfinite elementmodelwas developed using

thefirst-order shear-deformable plate theory, vonKármán strain-displacement relations, and the principle of virtual

work. The thermal load was assumed to be a steady-state constant-temperature distribution, whereas the acoustic

excitation wasmodeled as a white-Gaussian pressure with zeromean and uniformmagnitude over the plate surface.

To account for the nonlinear temperature dependence of material properties, the thermal strain was stated as an

integral quantity of the thermal expansion coefficient with respect to temperature. The static nonlinear equations of

motion are solved by the Newton–Raphson iteration technique to obtain the thermal postbuckling deflection,

whereas thedynamic nonlinear equations ofmotionwere transformed tomodal coordinates and solvedby employing

Newmark implicit integration scheme. Finally, the critical buckling temperatures, static thermal postbuckling

deflections, and random dynamic responses of a shape memory alloy hybrid-composite-plate panel are presented,

illustrating the effect of shapememory alloyfiber embedding, soundpressure level, and temperature rise on the panel

response.

I. Introduction

T HE external skin of high-speed flight vehicles experience high
temperatures due to aerodynamic heating, which can induce

thermal buckling and may result in a dynamic instability. In general,
thermal buckling does not indicate structural failure. However, large
thermal deflections of the skin panel can change its aerodynamic
shape, causing reduction in the flight performance.

A comprehensive literature review on thermally induced flexure,
buckling, and vibration of plates and shells was presented by
Tauchart [1] and Thornton [2]. Gray and Mei [3] investigated the
thermal postbuckling behavior and free vibration of thermally
buckled composite plates using the finite element method. Shi et al.
[4] adopted a finite element modal method to solve the problem of
thermal postbuckling of composite plates with initial imperfections.
Jones and Mazumdar [5] investigated the linear and nonlinear
dynamic behavior of plates at elevated temperatures. They presented
analytical solutions for the thermal buckling and postbuckling
behavior of a plate strip. Shi et al. [6] presented a finite element
solution for the thermal buckling behavior of laminated composite
plates under combined mechanical and thermal loads. Ibrahim et al.
[7] investigated the thermal buckling and flutter boundaries of thin
functionally graded material plates at elevated temperature. They
adopted an incremental finite element technique to capture the effect
of the temperature dependence of material properties on the panel
response. Ibrahim et al. [8] presented a finite element solution for the
thermal buckling and nonlinear flutter performance of thin

functionally graded material panels under combined aerodynamic
and thermal loads. To account for the temperature dependence of
material properties, the thermal strain was modeled as an integral
quantity of thermal expansion coefficient with respect to
temperature. Ibrahim et al. [9] extended the formulation presented
in [8] by including the shear deformation effect to make it capable of
handling thick functionally graded material plates.

The surface panels of advanced high-speed aircraft and spacecraft
may exhibit large random vibration under high acoustic loads and
may possibly experience both random vibration and thermal
buckling at elevated temperatures. Both of these effects are nonlinear
in nature andmake the prediction of fatigue life extremely difficult. A
literature review on the nonlinear response and sonic fatigue of
surface panels was presented by Vaicaitis [10]. Experiments to study
thermally loaded panels under random excitation were performed by
Istenes et al. [11], Ng and Clevenson [12], and Murphy et al. [13] in
which a snap-through phenomenon and frequency shifting due to
nonlinear large-amplitude vibration were observed. Kavallieratos
and Vaicaitis [14] studied the nonlinear response of composite skin
panels of high-speed aircraft. Locke [15] investigated the large
deflection random vibration of a thermally buckled thin isotropic
plate using the method of equivalent linearization and assuming
temperature-independent material properties. Abdel-Motagaly et al.
[16] adopted finite element numerical integration to study the
nonlinear panel response of thick composite-plate panels under
combined aerodynamic and acoustic loads. Dhainaut et al. [17,18]
presented a finite element solution for the prediction of nonlinear
random response of thin isotropic and composite panels subjected to
the simultaneous action of band-limited white-Gaussian noise and
elevated temperatures. Dhainaut and Mei [19] investigated the
nonlinear response and fatigue-life estimation of thin isotropic
panels subjected to nonwhite acoustic excitation. Results showed
that the actual flight data with nonwhite power spectral density can
yield higher stress characteristics and shorter fatigue life than those
of the corresponding equivalent white noise. Ibrahim et al. [20]
studied the nonlinear random vibration of thin, temperature-
dependent, functionally graded material plate panels under
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combined random acoustic and thermal loads. It was found that
decreasing the postbuckling deflection through increasing the
ceramic volume fraction enhances the domination of the acoustic
random vibration over the thermal buckling deflection, which might
not be favorable regarding the fatigue-life performance of the plate.

Shape memory alloys (SMAs) have a unique ability to completely
recover large prestrains (up to 10% elongation) when heated above a
certain characteristic temperature. During the shape-recovery
process, a large tensile recovery stress occurs if the SMA is
restrained. Both the recovery stresses and Young’s modules of
SMAs exhibit nonlinear temperature-dependent properties, as
shown in Figs. 1 and 2 [21].

Birman [22] presented a comprehensive review on the literature
concerning SMAs up to 1997. Jia and Rogers [23] formulated a
mechanical model for composite plates with embedded shape
memory alloy fibers using the micromechanical behavior of the
highly nonlinear shape memory alloy. Tawfik et al. [24] proposed a
novel concept of enhancing the thermal buckling and aeroelastic
behavior of plates through embedding SMA fibers in them. They
adopted an incremental technique to account for the temperature
dependence of material properties. Park et al. [25] presented an
incremental finite element solution for the nonlinear vibration
behavior of thick thermally buckled composite plates embeddedwith
shape memory alloy fibers. Gilat and Aboudi [26] derived
micromechanically established constitutive equations for unidirec-
tional composites with shape memory alloy fibers embedded in
polymeric metallic matrices. Those equations were subsequently
employed to analyze the nonlinear behavior of infinitely wide
composite plates that are subject to sudden application of thermal
loading. Gou et al. [27] developed an efficient finite element
procedure to predict large-amplitude nonlinear random response of
thin SMA hybrid composite (SMAHC) plates subject to combined
thermal and acoustic excitations. Ibrahim et al. [28] investigated the
thermal buckling of thick SMAHC plates. Moreover, a frequency
domain solution for predicting panel flutter boundaries at elevated
temperatures was presented.

This paper is an extension of the work presented in [27] by
including the shear deformation effect in the mathematical model to
make it capable of handling thick plates. In this work, a new

nonlinear finite element model is presented for modeling the thermal
buckling and nonlinear random dynamic behavior of thick SMAHC
plate panels under the combined effect of thermal and random
acoustic loads. The governing equations of motion are obtained
using the first-order shear-deformable plate theory, von Kármán
strain-displacement relations, and the principle of virtual work. To
account for the nonlinear temperature dependence of material
properties, the thermal strain is modeled as an integral quantity of the
thermal expansion coefficient with respect to temperature.
Therefore, the method does not need the use of many small
temperature increments as in the incremental method presented in
[24]. Numerical results are provided to show the effect of the
prestrained SMA fiber embedding on the thermal buckling and the
nonlinear random dynamic response of a traditional composite-plate
panel with different boundary conditions.

II. Finite Element Formulation

A. Nonlinear Strain-Displacement Relations

The nodal degrees of freedom vector of a nine-noded rectangular
plate element can be written as

fwg � ffwbg; f�x; �yg; fu; vggT �

8<
:
fwbg
fw�g
fwmg

9=
;�

�
fwBg
fwmg

�
(1)

where fwbg is the transverse displacement vector of themiddle plane;
�x and �y are rotations of the transverse normal about the x and y
axes; and u and v are the membrane displacements in the x and y
directions. In-plane strains and curvatures, based on von Kármán’s
moderately large deflection and the first-order shear-deformable
plate theory, are given by [29]
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where "lin, "�, and zf�g are the membrane linear strain vector, the
membrane nonlinear strain vector, and the bending strain vector,
respectively. In addition, the transverse shear strain vector can be
expressed as [29] �
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B. Constitutive Equations

For the kth composite lamina impregnated with SMA fibers, the
stress-strain relations can be expressed as [27]

f�gk�
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where f�g, f�rg, and f�g are the in-plane stress vector, the SMA
recovery-stress vector at a given temperature T, and the transverse
shear stress vector, respectively; Vm and Vs are the volume fractions

of the composite matrix and SMA fibers, respectively; and f�gm, � �Q�,
and � �Q�m are the thermal expansion coefficient vector of the
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composite matrix, the transformed reduced stiffness matrix of the
SMA embedded lamina, and the transformed reduced stiffness
matrix of the compositematrix, respectively. Note that the SMAfiber
is embedded in same direction of the composite matrix fibers and is
assumed to be uniformly distributed within each layer. Integrating
Eqs. (4) and (5) over the plate thicknessh, the constitutive equation is
obtained as

�
fNg
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�
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C. Governing Equations

Byusing the principle of virtualwork andEqs. (2), (3), (6), and (7),
the nonlinear governing equation can be derived as follows:

�work� �workint � �workext � 0 (8)

The internal virtual work �workint can be stated as

�workint �
Z
A

�f�"mgTfNg � f��gtfMg � Kf��gTfRg� dA

� f�wgT
�
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1

2
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3
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�
fwg

� f�wgT�fpTg � fprg� (9)

where �k�, �kT �, and �kr� are the linear, thermal, and recovery-stress
stiffness matrices; �n1� and �n2� are the first- and second-order
nonlinear stiffness matrices; K is a shear correction factor; and fpTg
and fprg are the thermal and recovery-stress vectors. The external
virtual work �workext can be stated as

�workext �
Z
A

��Io�f�ugTf �ug � f�vgTf �vg � f�wgTf �wbg�
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��f�wgT �m�f �wg � f�wbgTP�t� (10)

where

�Io; I2� �
Z
h=2

�h=2
	�1; z2� dz

�m� is the mass matrix, and p�t� is the acoustic load modeled as a
white-Gaussian pressure. By substituting Eqs. (9) and (10) into
Eq. (8), the governing equations for a SMAHC plate under the
combined action of thermal and random acoustic loads can be stated
as
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or, in a more compact form, as

�M�f �Wg � ��K� � �KT � � �Kr� � 1
2
�N1� � 1

3
�N2��fWg

� fP�t�g � fPTg � fPrg (12)

Note that neglecting the in-plane inertia terms in Eq. (11) will not
bring significant error, because their natural frequencies are usually
two to three orders of magnitude higher than those of bending [16].

III. Solution Procedures

A. Static Thermal Buckling

For the static thermal buckling problem, Eq. (12) reduces to�
�K� � �KT � � �Kr� � 1

2
�N1� � 1

3
�N2�

�
fWg � fPTg � fPrg (13)

Introducing the function f��W�g to Eq. (13),

f��W�g �
�
�K� � �KT � � �Kr� � 1

2
�N1� � 1

3
�N2�

�
fWg

� fPTg � fPrg � 0 (14)

Equation (14) can be written in the form of a truncated Taylor series
expansion as

f��W � �W�g � f��W�g � df��W�g
d�W� f�Wg � 0 (15)

where [24]

df��W�g
d�W� � ��K� � �KT � � �Kr� � �N1� � �N2�� � �Ktan� (16)

Thus, the Newton–Raphson iteration procedure for the determi-
nation of the thermal postbuckling deflection can be expressed as
follows:

f��W�gi �
�
�K� � �KT � � �Kr� � 1

2
��N1��i � 1

3
��N2��i

�
fWg

� fPTg � fPrg
�Ktan�if�Wgi�1 ��f��W�gi
f�Wgi�1 ���Ktan��1f��W�gi
fWgi�1 � fWgi � f�Wgi�1

Convergence occurs in the preceding procedure when the maximum
value of f�Wgi�1 becomes less than a given tolerance "tol (i.e.,
max jf�Wgi�1j 	 "tol).

B. Nonlinear Thermoacoustic Response Using Modal
Transformation

In this section, a time-domain solution is presented for the
nonlinear dynamic response of symmetrically laminated SMAHC
plates. Separating the membrane and transverse displacement
equations in Eq. (11) results in
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�MB�f �WBg�
�
�KB�� �KTB�� �KrB�� 1

2
�N1NmB�fWmg��� 1

3
�N2B�

�

fWBg� 1

2
�N1Bm�fWmg�fPBg (17)

�Km�fWmg � 1
2
�N1mB�fWBg � fPmg (18)

From Eq. (18), the in-plane displacement vector fWmg can be
expressed in terms of the bending displacement vector fWBg as

fWmg � �Km��1fPmg � 1
2
�Km��1�N1mB�fWBg � fWmgo � fWmg2

(19)

Substituting Eq. (19) into Eq. (17), the system equations ofmotion
can be finally expressed as a function of fWBg as [30]

�MB�f �WBg � ��KB� � �KTB� � �KrB� � �N1NmB�fWmgo���fWBg
� �1

3
�N2B� � 1

2
�N1NmB�fWmg2��

� 1
4
�N1Bm��Km��1�N1mB��fWBg � fPBg (20)

Equation (20) can be numerically integrated in the structural nodal
degrees of freedom. But this approach turns out to be
computationally expensive. Therefore, an alternative and effective
solution procedure is to transform Eq. (20) into modal coordinates
using reduced system normal modes by expressing the system
bending displacement fWBg as a linear combination of a finite
number of normal mode shapes as

fWBg �
Xn
r�1

qrf�rg � ���fqg (21)

where the rth normal mode f�rg and the corresponding natural
frequency !r are obtained from the linear vibration of the system as

!2
r �MB�f�rg � ��KB��f�rg (22)

Accordingly, all the matrices in Eq. (20) are transformed into
modal coordinates and Eq. (20) can be written in modal coordinates
as

� �MB�f �qg � 2�
rfr�� �MB�f _qg � �� �K� � � �Kqq��fqg � f �PBg (23)

Note that a modal structural damping matrix 2�
rfr��MB� was
added to Eq. (23) to account for the structural damping effect on the
system [27]. The coefficient 
r is the modal damping ratio of the rth
mode, and fr is the rth natural frequency in hertz.

IV. Numerical Results and Discussions

Numerical analyses for the thermal buckling and the nonlinear
acoustic random vibration of a laminated composite-plate panel with
and without SMA fibers are performed using the finite element
method. The plate dimensions are chosen to be 0:381 
 0:305 

0:0013 m and the stacking sequence is �0= � 45=45=90�s. A uniform
6 
 6 finite element mesh gives a converged solution and is thus
used. A reduced-order numerical integration is used for the terms
related to the transverse shear to avoid shear locking. In addition, 5,

10, and 15% volume fractions and 1, 3, and 5% initial prestrain
values of the SMA fibers are used.

A. Thermal Buckling Analysis

The thermal postbuckling behavior of a traditional laminated
composite plate with and without SMA is studied. Clamped and
simply supported boundary conditions are studied. Table 1 presents
the material properties of the composite matrix and SMA fibers [28].
A uniform temperature elevation is applied to the plate, and the
reference temperature is assumed to be 21�C.

Figures 3 and 4 present the postbuckling deflection for three
different prestrains of SMA fibers with 5% volume fraction.
Comparing the buckling temperatures of the SMAHC plate with that
of a composite platewith the same in-plane dimensions andweight, it
is found that the buckling temperature for a simply supported
SMAHC plate, seen in Fig. 3, is increased by 143, 317, and 465% for

Table 1 Material properties of the composite matrix and SMA fiber

Nitinol Graphite-epoxy

See Figs. 1 and 2 for Young’s modulus and recovery stresses. E1 155�1 � 6:35 
 10�4�T� GPa
E2 8:07�1 � 7:69 
 10�4�T� GPa

G 25.6 GPa G12 4:55�1 � 1:09 
 10�3�T� GPa
	 6450 kg=m3 	 1550 kg=m3

� 0.3 � 0.22
� 10:26 
 10�6=�C �1 �0:07 
 10�6�1 � 0:69 
 10�3��T=�C

�2 30:6 
 10�6�1� 0:28 
 10�4��T=�C

Fig. 3 Maximumnondimensional postbuckling deflections for a simply
supported SMAHC plate with 5% volume fraction and different
prestrain values.

Fig. 4 Maximum nondimensional postbuckling deflections for a
clamped SMAHCplate with 5% volume fraction and different prestrain
values.
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1, 3, and 5% prestrains, respectively. It is also seen that the 5%-
prestrain case has two buckling temperatures. This is because the
5%-prestrain curve for the temperature range from21 to 43�C, shown
in Fig. 2, has a slower rate of recovery-stress increase with
temperature than that of the 1 and 3% prestrains, which makes the
thermal stress dominate the SMA recovery stress during this
temperature range and hence the plate experiences thermal buckling.
But for temperatures above 43�C, the 5%-prestrain curve has a higher
rate of increase than that of temperatures lower than 43�C, which
causes the recovery stress to dominate the thermal stress to make the
plate go flat again at 72�C before reaching the second thermal
buckling point at 86�C. That is why the performance of the 5%
prestrain is always lower than that of the 1 and 3% values in the
temperature range from21 to 43�C (i.e., from room temperature up to
a temperature increase of 22�C). For the clamped SMAHC plate,
seen in Fig. 4, it is found that its buckling temperatures are increased
by 54, 109, and 175% for 1, 3, and 5% prestrains, respectively,
compared with those of a composite plate with equivalent weight.

Figures 5 and 6 demonstrate the impact of changing the SMA
volume fraction on the critical bucking temperature and the
postbuckling deflection for both simply supported and clamped
SMAHC plates. It is seen that increasing the volume of SMA
improves the thermal stability of SMAHC plates for both plate
boundary conditions.

B. Panel Response Under Combined Thermal and Random Acoustic
Loads

The plate nonlinear random vibration behavior is investigated
with two parameters in the study: temperature rise �T and sound
pressure level SPL, where�T varies from 0–150�C, and SPL varies
from 90–130 dB. A traditional clamped composite plate and a
SMAHC plate with 5% volume fraction and 3% prestrain are studied
and compared. A proportional damping ratio of 
rfr � 
sfs is used
with a fundamental modal damping coefficient 
1 equal to 0.02 [27].
The Newmark implicit numerical integration scheme is used to solve
the system differential equations with a time step of 1/10,000 s [31],
and the Newton–Raphson iteration scheme is adopted to solve the
nonlinear algebraic system of equations at each time step. Six normal
modes give a converged root mean square (rms) deflection and are
thus used. To eliminate the effect of initial transient response, thefirst
0.1 s out of a total period of 1-s time history is excluded from the
statistical process.

Figure 7 presents the time-history response of a clamped
traditional composite plate at SPL� 90 dB and temperature rises of
0, 50, 100, and 150�C. It can be seen that at room temperature, the
plate exhibits basically small-deflection (rms=0.0744) random
vibration. At temperature rises of 50, 100, and 150�C, which are
beyond the critical buckling temperature of the plate
(�Tcr � 22:5�C), the plate experiences small random vibration

Fig. 5 Maximumnondimensional postbuckling deflections for a simply
supported SMAHC plate with 1% prestrain and different volume
fractions.

Fig. 6 Maximum nondimensional postbuckling deflections for a
clamped SMAHC plate with 1% prestrain and different volume
fractions.

Fig. 7 Random vibration response of a clamped traditional composite plate at SPL� 90 dB and various temperature rises �T.
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about the static postbuckling deflectionsWmax=h of 1.22,�2:12, and
2.72, respectively. It is also noticed that the vibration amplitude
decreases as temperature increases beyond �Tcr, because nonlinear
stiffness terms add stiffness to the plate as thermal deflection
increases.

Figure 8 presents the time-history response of a clamped SMAHC
plate at SPL� 90 dB and temperature rises of 0, 50, 100, and 150�C.
It is seen that at room temperature, the plate randomly vibrates with a
small deflection rms� 0:0825, which is slightly higher than that of
the traditional composite plate, due to the higher weight of the
SMAHC plate and the SMA fibers not being activated yet. At a
temperature rise of 50�C, the activation of SMA fibers results in a
lower vibration amplitudes and deflection rms values than that of the
traditional composite plate presented in Fig. 7. At a temperature rise
of 100�C, the thermal compressive stress dominates the SMA
recovery stress results in higher vibration amplitudes and deflection

rms values than those with the 0 and 50�C temperature rises. At a
temperature rise of 150�C, which is beyond the critical buckling
temperature of the SMAHC plate (�Tcr � 136�C), it is seen that the
plate experiences a persistent snap-through motion that covers both
thermal buckling equilibrium positions, because the nonlinear
stiffness has not yet compensated the critically lowered stiffness due
to temperature rise.

Figure 9 presents the time-history response of a clamped
traditional composite plate at SPL� 110 dB. It is seen that at room
temperature, the plate randomly vibrates with deflection
rms� 0:725, which is much higher than that of the 90 dB case. At
a temperature rise of 50�C, the plate shows very clear snap-through
between the two buckling equilibrium positions (
1:22). At
temperature rises of 100 and 150�C, the occurrence of snap-through
is resisted by the stiffness added by the increased thermal
postbuckling deflection, resulting in completely hindering snap-

Fig. 8 Random vibration response of a clamped SMAHC plate at SPL� 90 dB and various temperature rises �T.

Fig. 9 Random vibration response of a clamped traditional composite plate at SPL� 110 dB and various temperature rises �T.
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through motions, and the plate shows moderate-deflection rms
random vibration about the buckling equilibrium positions
Wmax=h��2:12 and 2.72.

For the clamped SMAHC plate, presented in Fig. 10, it is seen that
the plate exhibits moderate-deflection random vibration for the
temperature rises of 0, 50, and 100�C.At a temperature rise of 150�C,
it is seen that the plate experiences a persistent snap-through that
covers both buckling equilibrium positions. It is also observed that
the plate has a lower rms deflection at 50�C temperature rise than that
at 100�C, because the recovery stress dominates the thermal
expansion in the vicinity of the 50�C temperature rise.

For the case of a 130-dB sound pressure level at different values of
temperature rise, shown in Figs. 11 and 12, both traditional
composite and SMAHC plates show large-amplitude nonlinear
random vibrations. It is also found that the SMA fiber embedding has
no pronounced effect on the panel response, because the acoustic

pressure completely dominates the thermal and the constrained
shape-recovery stresses.

V. Conclusions

A traditional composite plate impregnated with prestrained shape
memory alloy fibers and subjected to the combined effect of thermal
and random acoustic loads was studied. A nonlinear finite element
model based on the first-order shear-deformable plate theory was
adopted to study the effect of using SMA fiber embedding on the
static and dynamic response of composite plates. The nonlinear
temperature dependence of material properties was considered in the
formulation. Newton–Raphson iteration was employed to obtain the
static thermal deflection at each temperature step, and the dynamic
response at each time step of the Newmark numerical integration

Fig. 10 Random vibration response of a clamped SMAHC plate at SPL� 110 dB and various temperature rises �T.

Fig. 11 Random vibration response of a clamped traditional composite plate at SPL� 130 dB and various temperature rises�T.
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scheme. Finite element modal formulation and solution procedures
are developed for the time-domain method.

Results showed that SMA fiber embedding can be very useful in
enhancing thermal stability through delaying the occurrence of
thermal buckling along with decreasing the postbuckling deflection.
It is also found that at low and medium sound pressure levels, the
response of the SMAHC plate may not be favorable regarding
fatigue-life performance, because low andmediumSPLs have higher
vibration amplitudes than those of the traditional composite plate.
But for the composite-plate response, the low vibration amplitudes
about one of the thermal buckling equilibrium positions may not be
favorable regarding aerodynamic performance.

At high sound pressure levels, the SMA fiber embedding has no
pronounced effect on the response, because the acoustic pressure
completely dominates the thermal and constrained shape-recovery
stresses.
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